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EQUIVALENCE BETWEEN FORMULATIONS IN COSMOLOGICAL
PERTURBATION THEORY: THE PRIMORDIAL MAGNETIC FIELDS AS
AN EXAMPLE.
He´ctor J. Hortu´a 1 and Leonardo Castan˜eda, 1
RESUMEN
La Teor´ıa de Perturbaciones Cosmolo´gicas es actualmente una herramienta esta´ndar y u´til en la cosmolog´ıa
teo´rica. En este trabajo se compara el formalismo covariante 1+3 de la teor´ıa de perturbaciones (Ellis et al.)
con la approximacio´n invariante gauge (Bruni et al.), y mostramos la equivalencia de estos formalismos al fijar
la escogencia de las variables perturbadas v´ıa magnetoge´nesis. Se analiza la evolucio´n de los campos magne´ticos
primordiales a trave´s de la teor´ıa de perturbaciones y se discuten las similitudes y diferencias entre estos dos
enfoques. Tambie´n se muestra las ecuaciones de Maxwell y la ecuacio´n tipo dinamo co´smico escrita en el gauge
Poisson el cual da cuenta de la evolucio´n de los campos magne´ticos primordiales. Por u´ltimo, las perspectivas
en torno a estos formalismos en el estudio de magnetogenesis son discutidos.
ABSTRACT
Nowdays, Cosmological Perturbation Theory is a standard and useful tool in theoretical cosmology. In this
work, we compare the 1+3 covariant formalism in perturbation theory (Ellis et al.) to the gauge invariant
approach (Bruni et al.), and we show the equivalence of these formalisms to fix the choice of the perturbed
variables (gauge choice) in magnetogenesis. We analyze the evolution of primordial magnetic fields through
perturbation theory and we discuss the similarities and differences between these two approaches. We get the
Maxwell’s equations and show a cosmic dynamo like equation written in Poisson gauge, computing the evolution
of primordial magnetic fields. Finally, prospects around these formalisms in the study of magnetogenesis are
discussed.
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1. INTRODUCTION
The origin of large scale magnetic fields is now-
days one of the major unsolved mysteries in cosmol-
ogy. These fields are assumed to be increased and
maintained by dynamo mechanism, but it needs a
seed for the mechanism takes place (Widrow 2002).
Astrophysical mechanisms, as the Biermann battery
have been used to explain how the magnetic field
is mantained in objects as galaxies, stars and su-
pernova remnants, but they are not likely corre-
lated beyond galactic sizes making difficult to use
astrophysical mechanisms to explain the origin of
magnetic fields on cosmological scales (Kulsrun &
Zweibel 2008). In order to overcome this prob-
lem, the primordial origin should be found in other
scenarios from which the astrophysical mechanism
start. For example, magnetic fields could be ge-
nerated during primordial phase transitions (such as
QCD, the electroweak or GUT), parity-violating pro-
cesses which generates magnetic helicity or during
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inflation (Grasso & Rubinstein 2001). The advan-
tage of these primordial processes is that they offer
a wide range of coherence lengths many of which
are strongly constrained by Nucleosynthesis, while
the astrophysical mechanisms produce fields at the
same order of the astrophysical size of the object
(Kahniashvili et al. 2011). One way for describe the
evolution of magnetic fields is through Cosmologi-
cal Perturbation Theory. This theory is a power-
ful tool to understand the present properties of the
large-scale structure of the Universe and their origin
(for a review, see (Tsagas 2002)). The main goal in
this paper is to study the late evolution of magnetic
fields which were generated in early stages of the
universe. We use the cosmological perturbation the-
ory following the Gauge Invariant formalism to find
the perturbed Maxwell equations and also we obtain
a dynamo like equation written in terms of gauge
invariant variables. Futhermore, we discuss the im-
portance that both curvature and the gravitational
potential play in the evolution of these fields. The
paper is organized as follows: in the next section
§ 2 we briefly give an introduction of cosmological
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perturbation theory and we address the gauge prob-
lem in this theory. In the section § 3 we consider
the perturbed FLRW and we found the conservation
equations at first order written in terms of gauge
invariant quantities and the section § 5 a magnetic
field in the FLRW background is introduced. Also a
discussion between 1+3 covariant (Ellis et al. 1989)
to the gauge invariant (Bruni et al. 1997) approaches
is done in § 5. The final section § 6 is devoted to dis-
cuss the main results and the connection with future
works.
2. THE GAUGE PROBLEM IN
PERTURBATION THEORY
Cosmological perturbation theory help us to find
approximated solutions of the Einstein field equa-
tions through small desviations from an exact so-
lution. The gauge invariant formalism is devel-
oped into two space-times, one is the real space-
time (M, gαβ) which describes the perturbed uni-
verse and the other one is the background space-
time (M0, g(0)αβ ) which is an idealization and is taken
as reference to generate the real space-time. A map-
ping between these space-times called gauge choice
given by a function X : M0(p) −→ M(p¯) for any
point p ∈ M0 and p¯ ∈ M, which generates a pull-
back
X ∗ : M
T ∗(p)
−→ M0
T ∗(p)
, (1)
thus, points on the real and background space-time
can be compared through of X . General covariance
states that there is no preferred coordinate system
in nature and it introduce a gauge in perturbation
theory. This gauge is an unphysical degree of free-
dom and we have to fix the gauge or to extract some
invariant quantities to have physical results (Naka-
mura 2009). Then, the perturbation for Γ is defined
as
δΓ (p) = Γ (p¯)− Γ (0)(p). (2)
We see that the perturbation δΓ is completely de-
pendent of the gauge choice because the mapping
determines the representation onM0 of Γ (p¯). How-
ever, one can also choice another correspondence Y
between these space-times (see Figure 1) so that
Y : M0(q)→M(p), (p 6= q). The freedom to choose
different correspondences generate an arbitrariness
in the value of δΓ at any space-time point p, which
is called gauge problem (Bardeen 1980). Given a ten-
sor field Γ , the relations between first and second
order perturbations of Γ in two different gauges are
δ
(1)
Y Γ − δ(1)X Γ = Lξ1Γ0, (3)
δ
(2)
Y Γ − δ(2)X Γ = 2Lξ1δ(1)X Γ0 +
(L2ξ1 + Lξ2)Γ0, (4)
Fig. 1. Gauge Transformation.
where the generators of the gauge transformation Φ
are
ξ1 = Y −X and ξ2 = [X,Y ] . (5)
This vector field can be split in their time and space
part
ξ(r)µ →
(
α(r), ∂iβ
(r) + d
(r)
i
)
, (6)
here α(r) and β(r) are arbitrary scalar functions,
and ∂id
(r)
i = 0. The function α(r) determines the
choice of constant time hypersurfaces, while ∂iβ
(r)
and d
(r)
i fix the spatial coordinates within these
hypersurfaces. The choice of coordinates is arbi-
trary and the definitions of perturbations are thus
gauge dependent. The gauge transformation given
by the equations (3) and (4) are quite general. To
first order Γ is gauge invariant if Lξ1Γ0 = 0, while
to second order one must have another conditions
Lξ1δ(1)X Γ0 = L2ξ1Γ0 = 0 and Lξ2Γ0 = 0, and so on at
high orders (Stewart & Walker 1974). We will ap-
ply the formalism described above to the Robertson-
Walker metric, where k does mention the expansion
order.
3. GAUGE INVARIANT VARIABLES AT FIRST
ORDER
We consider the perturbations about a FLRW
background, so the metric tensor is given by :
g00 = −a2(τ)
(
1 + 2
∞∑
k=1
1
k!
ψ(k)
)
, (7)
g0i = a
2(τ)
∞∑
k=1
1
k!
ω
(k)
i , (8)
gij = a
2(τ)
[(
1− 2
∞∑
k=1
1
k!
φ(k)
)
δij +
∞∑
k=1
χ
(k)
ij
k!
]
.
(9)
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The perturbations are splitting into scalar, trans-
verse vector part, and transverse trace-free tensor
ω
(k)
i = ∂iω
(k)‖ + ω(k)⊥i , (10)
with ∂iω
(k)⊥
i = 0. Similarly we can split χ
(k)
ij as
χ
(k)
ij = Dijχ
(k)‖ + ∂iχ
(k)⊥
j + ∂jχ
(k)⊥
i + χ
(k)>
ij , (11)
for any tensor quantity.2 Following, one can find the
scalar gauge invariant variables at first order given
by
Ψ(1) ≡ ψ(1) + 1
a
(
S ||(1)a
)′
, (12)
Φ(1) ≡ φ(1) + 1
6
∇2χ(1) −HS ||(1), (13)
∆(1) ≡ µ(1) +
(
µ(0)
)′ S ||(1), (14)
∆
(1)
P ≡ P(1) +
(
P(0)
)′ S ||(1), (15)
with S ||(1) ≡
(
ω||(1) − (χ
||(1))
′
2
)
the scalar contribu-
tion of the shear. The vector modes are
υi(1) ≡ vi(1) +
(
χi⊥(1)
)′
, (16)
ϑ
(1)
i ≡ ω(1)i −
(
χ
⊥(1)
i
)′
, (17)
Vi(1) ≡ ωi(1) + vi(1). (18)
µ = µ0 +
∞∑
r=1
1
r!
δrµ, uα =
1
a
(
δα0 +
∞∑
r=1
1
r!
vα(r)
)
(19)
with S ||(1) ≡
(
ω||(1) − (χ
||(1))
′
2
)
the scalar contribu-
tion of the shear (associated with α(1)). Using the
Einstein’s equation at first order, it is expressed the
evolution of geometrical variables φ and ψ, and the
conservation’s equations entails the evolution of en-
ergy density ∆(1)(
∆(1)
)′
+ 3H
(
∆
(1)
P + ∆
(1)
)
− 3
(
Φ(1)
)′ (
P(0) + µ(0)
)
+
(
P(0) + µ(0)
)∇2υ(1)
− 3H (P(0) + µ(0))′ S ||(1) − ((µ(0))′ S ||(1))′
+
(
P(0) + µ(0)
)(−1
2
∇2χ(1) + 3HS ||(1)
)′
− (P(0) + µ(0))∇2(1
2
χ||(1)
)′
= 0, (20)
2With ∂iχ
(k)>
ij = 0, χ
(k)i
i = 0 and Dij ≡ ∂i∂j − 13 δij∂k∂k.
and peculiar velocity V(1) given by(
V(1)i
)′
+
(
µ(0) + P(0)
)′(
µ(0) + P(0)
) V(1)i − 4HV(1)i + ∂iΨ(1)
− ∂i
(
∆
(1)
P −(P(0))
′S||
(1)
)
+∂lΠ
(1)l
(fl)i(
µ(0) + P(0)
) = ∂i
(
S ||(1)a
)′
a
. (21)
4. SPECIFYING TO POISSON GAUGE
It is possible to fix the four degrees of freedom by
imposing gauge conditions. If we impose the gauge
restrictions given in (Bertschinger 1995) we can re-
moving the degrees of freedom, we fix the gauge con-
ditions as
∂iω
(r)
i = ∂
iχ
(r)
ij = 0, (22)
this lead to some functions are dropped
ω‖(r) = χ(r)⊥i = χ
(r)‖ = 0, (23)
with the functions defined in equations (10) and (11).
Using the last constraints together with equations
(5.18)-(5.21) in (Bruni et al. 1997) and following the
procedure made in (Malik & Wands 2009), the vector
which determines the gauge transformation at first
order ξ
(1)
i =
(
α(1), ∂iβ
(1) + d
(1)
i
)
is given by,
α(1) → ω‖(1)+β′(1), β(1) → −
χ‖(1)
2
, d
(1)
i → −χ⊥(1)i .
(24)
5. WEAKLY MAGNETIZED
FLRW-BACKGROUND
We allow the presence of a weak magnetic field
into our FLRW space-time with the property B2(0) 
µ(0) and must be sufficiently random to satisface
〈Bi〉 = 0 and
〈
B2(0)
〉
6= 0 to ensure that symme-
tries and the evolution of the background remain
unaffected (we assume that at zero order the mag-
netic field has been generated by some random pro-
cess which is statistically homogeneous so that B2(0)
just time depending and 〈..〉 denotes the expectation
value) (Barrow et al. 2007). We work under MHD
approximation, thus, in large scales the plasma is
globally neutral, charge density is neglected and the
electric field with the current should be zero, thus
the only zero order magnetic variable is B2(0). At
first order it is obtained a gauge invariant term which
describes the magnetic energy density
∆(1)mag ≡ B2(1) +
(
B2(0)
)′
α(1). (25)
Another gauge invariant variables are the 3-current
J , the charge density % and the electric and magnetic
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fields, because they vanish in the background.
At first order, the electric field and the current be-
come nonzero and assuming the ohmic current is not
neglected, we find the Ohm’s law
J
(1)
i = σ
[
E
(1)
i +
(
V(1) ×B(0)
)
i
]
. (26)
The perturbed equations for the metric and electro-
magnetic fields are given by
∂iE
i
(1) = a%(1), 
ilk∂lB
(1)
k =
(
a2Ei(1)
)′
+ a3J i(1),
∂iB
(1)
i = 0,
(
a2B
(1)
k
)′
+ a2ijk∂iE
(1)
j = 0. (27)
Now using equation (27) together with the Ohm’s
law, we get a cosmic dynamo like equation which
describes the evolution of density magnetic field at
first order in the Poisson gauge
d∆
(2)
(mag)
dt
+ 4H∆
(2)
(mag) + 2η
(2)
+
2
3
∆
(1)
(mag)∂lV l(1) = −2Π(1)ij(em)σij(1), (28)
with (2) given by
(2) = −B(1) · ∇2B(1)
−B(1)k
(
∇×
(
dE(1)
dt
+ 2HE(1)
))k
−
∆
(1)
(mag)
2
∇2
(
Ψ(1) − 3Φ(1)
)
+Bk(1)
(
B(0) · ∇
)
∂k
(
Ψ(1) − 3Φ(1)
)
, (29)
where we use the Lagrangian coordinates which are
comoving with the local Hubble flow and magnetic
field lines are frozen into the fluid (
d
dt
=
∂
∂t
+Vi(1)∂i),
σ and Π are the shear and stress Maxwell tensor re-
spectively. Thus, the perturbations in the space-time
play an important role in the evolution of primordial
magnetic fields (Hortu´a et al. 2011). In the case of a
homogeneous collapse, B ∼ V− 23 there is an ampli-
fication of the magnetic field in places where grav-
itational collapse take place. In equation (28), the
energy density magnetic field at second order trans-
forms as
∆
(2)
(mag) = B
2
(2) + α(1)
(
B2′′(0)α(1) +B
2′
(0)α
′
(1) + 2B
2′
(1)
)
+ξi(1)
(
B2′(0)∂iα
(1) + 2∂iB
2
(1)
)
+B2′(0)α(2). (30)
Finally, we relate quantities in the 1+3 covariant for-
malism and in the invariant approach showed above.
In the covariant formalism quantities are projected
down onto spatial hαβ , relative to the 4-velocity of
the fluid. With this choice, we expect that covari-
ant formalism could be equivalent to comoving gauge
(Tsagas et al. 2000). The comoving magnetic density
gradient is defined as
Bµ ≡ a
B2
hλµ∇λB2, with hµν ≡ gµν+uµuν . (31)
Now, following (Malik et al. 2012) we substitute the
4-velocity at first order found in gauge invariant ap-
proach uµ = a
(−(1 + ψ), ∂i(v‖ + ω‖)) , obtaining
the following relation
hλµ∇λB2 = ∂i
(
B2(1) +B
2′
(0)
(
v‖ + ω‖
))
. (32)
If the comoving gauge is used (which introduces a
family of world lines orthogonal to the 3-D spatial
sections) given by α → v‖ + ω‖ in equation (25), is
derived a similar to expression as it was found in 1+3
covariant formalism in equation (32), implying an
equivalence in both formalisms at linear order. Now,
if we study this equivalence at second order, we must
impose u
(2)
i = 0 to provide a covariant description
(due to we must ensure 4-velocity orthogonal to 3D
spatial sections). In this case the 4-velocity at second
order is
u
(2)
i
a
=
[
(v
(2)
i + ω
(2)
i )
2
− 2v(1)i φ(1) − ω(1)i ψ(1) + vj(1)χ(1)ij
]
(33)
in (Hortu´a 2012) is shown vector field that deter-
mines the gauge comoving at second order. In this
case one must take into account that 4-velocity must
be zero and choose appropriately the 3D spatial sec-
tion through of β(2) and d
(2)
i .
6. DISCUSSION
A problem in modern cosmology is to explain the
origin of cosmic magnetic fields. The origin of these
fields is still in debate but they must affect the forma-
tion of large scale structure and the anisotropies in
the cosmic microwave background radiation (CMB)
(Giovannini et al. 2008). We observe that essen-
tially, the functional form are the same in the two
approaches, the coupling between geometrical per-
turbations and fields variables appear as sources in
the magnetic field evolution giving a new possibil-
ity to explain the amplification of primordial cos-
mic magnetic fields. Thus the perturbations in the
space-time play an important role in the evolution of
primordial magnetic fields. The equation (28) is de-
pendent on geometrical quantities (perturbation in
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the gravitational potential, curvature, velocity ...).
These quantities evolve according to the Einstein
field equations (the Einstein field equation to second
order are given in (Nakamura 2007)). In this way,
the equation equation (28) tell us how the magnetic
field evolves according to scale of the perturbation.
In sub-horizon scale, the contrast density and the ge-
ometrical quantities grow. Hence, is expected that
naturally the dynamo term should amplify the mag-
netic field.
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